Introduction and motivation {#Sec1}
===========================

Axions and axion like particles (ALPs) are candidates for dark matter. There is thus a huge experimental effort for the search of these kind of particles. For a detailed review, we refer the reader to references \[[@CR2], [@CR3]\]. Axions and ALPs can interact with ordinary matter in various ways. Reference \[[@CR4]\] identifies three terms:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{a}{f_0} \, F_{\mu \nu } {\tilde{F}}_{\mu \nu }, \quad \frac{a}{f_a} \, G_{\mu \nu } {\tilde{G}}_{\mu \nu }, \quad \frac{\partial _\mu a}{f_a} {\bar{\varPsi }}_f \gamma ^\mu \gamma _5 \varPsi \end{aligned}$$\end{document}$$describing the coupling to photons, gluons and to the spin of fermions, respectively. The vast majority of experiments makes use of the first term \[e.g. Cavity experiments (ADMX), helioscopes (CAST), light-through-wall experiments (ALPS)\]. In addition, astrophysical observations also provide sensitive limits to the axion-photon coupling. In general, it is rather difficult for these experiments to reach masses below $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{-6}\,{\mathrm{eV}}$$\end{document}$, one reason being that the axion wave length becomes too large. Furthermore, these experiments are measuring rates proportional to at least a small amplitude squared.

For the second (and third) term in the list ([1](#Equ1){ref-type=""}) this is different. It turns out that the second term has the same structure as the QCD-$\documentclass[12pt]{minimal}
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                \begin{document}$$m_a$$\end{document}$. This gives rise to an oscillating EDM. New opportunities to search for axions/ALPs with much higher sensitivity arise, because the signal is proportional to an amplitude *A* and not to its square. To date, NMR based methods are being used to look at oscillating EDMs \[[@CR5]\].

Another possibility is to search for axions/ALPs in storage rings. Storage ring experiments have been proposed to search for electric dipole moments of charge particles \[[@CR6], [@CR7]\]. These experiments allow also, with small modifications, to search for oscillating EDMs. This possibility is discussed in this paper. Section [2](#Sec2){ref-type="sec"} explains the principle of the experiment, how the (oscillating) EDM alters the spin motion in electromagnetic fields and leads to a polarization observable. In Sect. [3](#Sec3){ref-type="sec"} statistical sensitivities for oscillating EDMs based on these polarization observables are presented.

Spin motion in storage rings {#Sec2}
============================

The spin motion relative to the momentum vector in electric and magnetic fields is governed by the Thomas-BMT equation \[[@CR8]--[@CR10]\]:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {S}$$\end{document}$ in this equation denotes the spin vector in the particle rest frame, *t* the time in the laboratory system, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$ the relativistic Lorentz factors, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {B}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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For the following discussion it is more convenient to write Eq. [2](#Equ2){ref-type=""} in matrix form:$$\documentclass[12pt]{minimal}
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The solution to first order in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _1$$\end{document}$ for arbitrary initial condition of the spin is given in Appendix A. The best sensitivity to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _1$$\end{document}$ is obtained by observing a build-up of a vertical polarization of a beam initially polarized in the horizontal plane. Thus we are interested in the behavior of the vertical spin component $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_v(t)$$\end{document}$ in the case where the spin points for example initially in the longitudinal direction ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {S}(0) = (0,0,1)^T$$\end{document}$). Using Eq. [37](#Equ37){ref-type=""} in Appendix A one finds:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} S_v(t)= & {} \eta _0 \varOmega _{\mathrm {EDM}} \frac{\sin (\varOmega _{\mathrm {MDM}} t)}{ \varOmega _{\mathrm {MDM}}}\nonumber \\&+ \eta _1 \frac{\varOmega _{\mathrm {EDM}}}{2 (\omega _a - \varOmega _{\mathrm {MDM}} ) (\varOmega _{\mathrm {MDM}} + \omega _a)} \left[ -2 \omega _a \sin (\varphi _a) \right. \nonumber \\&\left. + (\omega _a + \varOmega _{\mathrm {MDM}}) \sin \left( (\omega _a - \varOmega _{\mathrm {MDM}}) t +\varphi _a \right) \right. \nonumber \\&\left. + (\omega _{a} - \varOmega _{\mathrm {MDM}}) \sin \left( (\varOmega _{\mathrm {MDM}} + \omega _a) t+ \varphi _a\right) \right] . \end{aligned}$$\end{document}$$We are interested in the behavior close to the resonance condition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _{\mathrm {MDM}} \approx \omega _a$$\end{document}$. Ignoring in Eq. [9](#Equ9){ref-type=""} all fast oscillating terms (i.e. assuming $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _{\mathrm {MDM}},(\varOmega _{\mathrm {MDM}}+\omega _a) \gg \varOmega _{\mathrm {MDM}}-\omega _a)$$\end{document}$ one finds$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} S_v(t)= & {} \frac{\eta _1 \varOmega _{\mathrm {EDM}}}{2 (\omega _a -\varOmega _{\mathrm {MDM}} ) } \nonumber \\&\times \left( - { \sin (\varphi _a) } + \sin \left( (\omega _a -\varOmega _{\mathrm {MDM}}) t +\varphi _a \right) \right) . \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}= & {} \eta _1 \frac{\varOmega _{\mathrm {EDM}}}{2\varDelta \omega } \left( -\sin (\varphi _a) + \sin (\varDelta \omega t + \varphi _a)\right) \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta \omega = \omega _a - \varOmega _{\mathrm {MDM}}$$\end{document}$ For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _a=0$$\end{document}$ this expression coincides with the expression given for NMR experiments \[[@CR5]\]. At the resonance, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _a = \varOmega _{\mathrm {MDM}}$$\end{document}$, Eq. [11](#Equ11){ref-type=""} reduces to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} S_v(t) = \frac{\eta _1 \varOmega _{\mathrm {EDM}}}{2} \, \cos (\varphi _a) \, t. \end{aligned}$$\end{document}$$In this case the build-up is linear in time to first order in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _1$$\end{document}$.

The phase $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _a$$\end{document}$ of the axion field is unknown. The experiment should be performed with two bunches in the ring where the polarizations are orthogonal to each other, which corresponds to two phases $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _a$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _a+\pi /2$$\end{document}$. This assures not to miss an axion signal. This can also be seen in Fig. [2](#Fig2){ref-type="fig"}. It shows the build-up of the vertical spin component $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_v$$\end{document}$ as a function of time *t* for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _a=0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _a=\pi /2$$\end{document}$ and for different axion frequencies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _a$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _{\mathrm {MDM}} = 750{,}000.0 \, {\mathrm{s}^{-1}}$$\end{document}$. This $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _{\mathrm {MDM}}$$\end{document}$ corresponds to typical running conditions with deuterons of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p=970\,{\mathrm{MeV/c}}$$\end{document}$ at the COoler SYnchrotron COSY of Forschungszentrum Jülich in Germany. Note that for a given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _a$$\end{document}$ the initial slope is the same independent of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _a$$\end{document}$. One clearly observes the resonance behavior. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _{\mathrm {MDM}} = \omega _a$$\end{document}$ the polarization build-up is maximal for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _a=0$$\end{document}$. The more $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _{\mathrm {MDM}}$$\end{document}$ deviates from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _a$$\end{document}$, the weaker the signal becomes.

For the special case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _a=0$$\end{document}$ Eq. [9](#Equ9){ref-type=""} becomes$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} S_v = \frac{\varOmega _{\mathrm {EDM}}}{\varOmega _{\mathrm {MDM}}} \sin (\varOmega _{\mathrm {MDM}} t) \, \left( \eta _0 + \eta _1 \cos (\varphi _a) \right) . \end{aligned}$$\end{document}$$Compared to Eqs. [10](#Equ10){ref-type=""} and [12](#Equ12){ref-type=""} the signal is two times larger. For the following estimates of statistical uncertainties, we continue to use Eqs. [10](#Equ10){ref-type=""} and [12](#Equ12){ref-type=""} for conservative results.Fig. 2Vertical spin component $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_v$$\end{document}$ as a function of time *t* for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _a=0$$\end{document}$ (upper plot) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _a=\pi /2$$\end{document}$ (lower plot) and for different axion frequencies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _a$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _{\mathrm {MDM}} = 750{,}000.0 \, {\mathrm{s}^{-1}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _{\mathrm {EDM}} \approx 1{,}200{,}000 \, {\mathrm{s}^{-1}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _0=0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _1=10^{-10}$$\end{document}$

Statistical error estimates {#Sec3}
===========================
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Resonance case {#Sec4}
--------------
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Off-resonance case {#Sec5}
------------------

For the off-resonance case the vertical polarization is obtained by multiplying Eq. [11](#Equ11){ref-type=""} with *PA*:$$\documentclass[12pt]{minimal}
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The central red curve in Fig. [3](#Fig3){ref-type="fig"} shows the figure of merit (FOM) defined as the inverse of the variance of $\documentclass[12pt]{minimal}
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To scan a region of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta f = 1\,{\mathrm{kHz}}$$\end{document}$ with a measurement duration of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T=10\,{\mathrm{s}}$$\end{document}$ for a single frequency, one would thus need a total measurement time$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varDelta f T^2 = 10^{5} \, {\mathrm{s}}. \end{aligned}$$\end{document}$$In this frequency range $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _1$$\end{document}$ would be determined with the same accuracy over the whole frequency range.
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Table [1](#Tab1){ref-type="table"} gives an overview over frequency ranges accessible at the existing Cooler Synchrotron COSY at Forschungszentrum Jülich in Germany using polarized protons and deuterons and for a planned prototype storage ring with combined electric and magnetic bending fields for an EDM measurement \[[@CR14]\]. Other parameters, like number of stored particles *N*, efficiency *f*, analyzing power *A*, polarization *P* and spin coherence time $\documentclass[12pt]{minimal}
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The accuracy estimates are given for two scenarios One year of beam time ($\documentclass[12pt]{minimal}
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The dots in Fig. [4](#Fig4){ref-type="fig"} indicate one-$\documentclass[12pt]{minimal}
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In the second scenario we start with the total running time available in one year, $\documentclass[12pt]{minimal}
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The corresponding limits are shown in Fig. [4](#Fig4){ref-type="fig"} as colored areas. The green line shows estimates from reference \[[@CR1]\] scaled to match them with the assumptions made in this document about the parameters *N*, *f*, *P*, *A*.

The same is shown for running at COSY. The fact that the limits using a pure magnetic ring are getting worse at smaller frequency is due to the fact that for lower frequencies, the magnetic field is lower, which in turns makes $\documentclass[12pt]{minimal}
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Summary and conclusion {#Sec7}
======================

Analytic expressions for the spin motion in presence of an oscillating EDM in storage rings were derived from the Thomas-BMT equation. These were used to give sensitivity estimates for the axion-gluon coupling at COSY and at a prototype EDM ring. This was done for two scenarios: (1) Running at one fixed frequency, (2) covering a wide range in frequency.

The results are in good agreement compared to reference \[[@CR1]\] where a numerical approach was used to find sensitivities.

Appendix A: Solution of equation [7](#Equ7){ref-type=""} {#Sec8}
========================================================
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The solution for the Eq. [27](#Equ27){ref-type=""} can be found using the variation of constant method:$$\documentclass[12pt]{minimal}
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B.1: Resonance case: variance of a slope {#Sec10}
----------------------------------------
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Putting everything together one finds$$\documentclass[12pt]{minimal}
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B.2: Off-resonance case: variance of an amplitude {#Sec11}
-------------------------------------------------

A polarization given by Eq. [18](#Equ18){ref-type=""} leads to the following count rate in the detector:$$\documentclass[12pt]{minimal}
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